I construct a counterexample to a conjecture of Larry Goldstein on the density of primes which split completely in none of a set of algebraic number fields. The fields used are all Abelian over the rationals.
1. Introduction. Let S be a set of rational primes, and for each p e S let Lv be a finite dimensional normal extension of the field of rational numbers Q. Let T be the set of those natural numbers divisible only by primes of S, together with one. For each k e Tkt Lk be the compositum of those L." with p\k, peS. Take LX=Q. Let n(k) be the degree of Lk over Q.
Let A be the natural density of those rational primes which split completely (into distinct factors) in none of the fields Lp, for all/) e S. In (
This conjecture is known to be true in the cases of finite S, and in the case when L¡p Q(íPz) for every prime p, where X,¡ denotes a primitive y'th root of one. However, the example constructed below shows that the conjecture is false. This counterexample has S as the set of all primes, and also satisfies ,,, ,.
the condition of the Brauer-Siegel theorem. The proof of the following lemma occupies the rest of this section.
Lemma. ,*\ y deg(fcn) _ (6) hm -= 0.
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Proof.
The proof requires some standard notions from class field .theory for absolutely Abelian fields. A concise summary may be found in ' [3, pp. 4-6] . Hence deg(/c") <ft(m) n4 1 n log(disc(A-J) 2" 2-"mlogm 2"' QED-
